given. In spite of its simplicity, this description seems to be new.
In this paper we only consider invariants of 3-manifolds. We will say in section 4 a few words about extending this to a whole Topological Quantum Field Theory. Following the methods developed in BHMV3] together with N. Habegger, G. Masbaum and P. Vogel, we have, in a joint work with G. Masbaum ( BM]), constructed and studied this extension, for the spin re ned invariants obtained from the Kau man bracket. Understanding other re ned theories is our challenge! The content of this paper was exposed at the Mini-semester in Knot Theory in Warsaw (Summer 1995) . We thank the organizers and the Stefan Banach Center for their invitation and hospitality.
1. Three-manifolds invariants derived from a skein theory Various skein modules of 3-manifolds have been de ned and studied (see P] , HP]). In each case the modules have presentations in which generators are links, and relations are local (skein) relations between them. The de nition below gives a general nonsense. We emphasize the functorial property. Here we consider embeddings of 3-manifolds. In a concrete theory generated by links, an embedding M ! M 0 carries links in M to links in M 0 .
Let S be a functor from the category of compact oriented 3-manifolds with isotopy classes of oriented embeddings to the category of k-modules. We will say that S is a skein theory if S is monoidal and involutive (see ML] ). Here k is a commutative ring with unit, supposed to be equipped with an involutive automorphism 7 ! ).
R e ma r k 1. The monoidal property says that, up to canonical isomorphisms, one has S(M 1 q M 2 ) = S(M 1 ) S(M 2 ) and S(;) = k. Using the embedding " : ; ! M, we get the vector S(")(1) 2 S(M). In a concrete skein theory, de ned using links, this vector is represented by the empty link in M. We will denote it by ;. R e ma r k 2. Involutivity says that, up to a canonical isomorphism, the module S(?M) is equal to S(M). If a xed oriented di eomorphism g : M ! ? M is given, then S(g) de nes an anti-linear automorphism of S(M) (a linear isomorphism from S(M) to S(M)). This automorphism will be called the mirror and denoted x 7 ! x. The map (z; ) 7 ! (z; ) gives such a g, in D 2 S 1 as well as in S 3 C 2 .
R e ma r k 3. Using any oriented embedding D 3 q D 3 ! D 3 we get a product on the module associated with the 3-ball S(D 3 ). We also get a product on the module S(D 2 S 1 ), by using a standard embedding D 2 S 1 q D 2 S 1 ! D 2 S 1 . This makes S(D 3 ) and S(D 2 S 1 ) into commutative algebras with unit 1 = ;.
To an oriented embedding of a disjoint union of solid tori
By the isotopy hypothesis, this map only depends on the framed link L = (L 1 ; : : :; L m ) underlying g.
We call a bracket any linear map h: : :i : S(S 3 ) ! k involutive and such that the composition S(D 3 ) ! S(S 3 ) ! k is multiplicative. Here involutive means that the mirror image (see remark 2 above) is sent to the conjugate. N o t a t i o n s . R e ma r k . Understanding the kernel N 1 is a key point in this construction. Multiplying by any x, in the algebra S(D 2 S 1 ), is a self-adjoint operator with respect to hH 1 ( ; )i, thus N 1 is an ideal. The rst condition in (K) can be written 8x (x ? hU 0 (x)i)! 2 N 1 Moreover it is su cient above to consider x in a set of generators of S(D 2 S 1 ) as an algebra.
A b ou t t h e p r o o f o f p r o p o s i t i on 1 . 1. This proposition can be proved using the well known Kirby theorem Ki] as re ned in FR] and RT] (see Tu2] ch. 2). There are two non standard points here.
First one must check that changing the orientation of one component of the link L does not modify the value of hL 1 (!); : : :; L m (!)i. This will follows from lemma 1.3 . Second one must show that (K) implies that hU ?1 (!)i is also invertible. This is a consequence of lemma 1.4 . Lemma 1.3. If ! is a solution of (K), then the skein element ! = S(j)(!), where j is the di eomorphism (z; ) 7 ! (z; ) of D 2 S 1 , is equal to ! in the quotient S(D 2 S 1 )=N 1 . Lemma 1.4. If ! is a solution of (K). Let ! 2 S(D 2 S 1 ) be the mirror image of !. In the quotient S(D 2 S 1 )=N 1 , one has ! = ! with = 1 .
Recall (see remark 2 above) that ! is de ned using the di eomorphism (z; ) 7 ! (z; ).
As a consequence, after multiplying by a square root of (extend the scalars if necessary), we get a solution of (K) equal to its mirror image. The corresponding invariant of 3-manifolds is then involutive (M and ?M have conjugate invariants).
P r o o f o f le mma 1 .3 . Let us denote, for x 2 S(D 2 S 1 ), S(j)(x) = x. By isotopy, for any x 2 S(D 2 S 1 ), hU ( x)i = hU (x)i 2 f0; 1g; and hH 1 (x; !)i = hH 1 ( x; !)i It follows that ! is a solution of (K), equal to ! up to N 1 . N o t a t i o n s . A right handed twist induces an automorphism of S(D 2 S 1 ) denoted by t. For x 2 S(D 2 S 1 ), let c x be the operator de ned by c x (y) = h(x y), where h is induced by a link in the torus D 2 S 1 whose rst component is parallel to a meridian and whose second component is the core of the torus (standardly framed). Note that t and c x commute.
The map c = x 7 ! c x ] is a representation of S(D 2 S 1 ) onto itself, dual to multiplication with respect to the bilinear form hH 0 ( ; )i. Namely 8x; y; z 2 S(D 2 S 1 ) hH 0 (c x (y); z)i = hH 0 (y; xz)i By computing in two di erent ways the expression hH 0 (t(x)t( !); t(!))i we have. 
We have also
Hence 8x 2 S(D 2 S 1 ) hU ?1 (x!)i = hU 0 (x)ihU ?1 (!)i Using the mirror automorphism we show that ! is a solution of (K). Thus, modulo N 1 , ! = !. Taking the mirror once more, ! = !. Using invertibility of hU 1 (!)i, we have = 1. N o t e . The drawings corresponding to the computation above prove the re nement of Kirby's theorem ( RT] ) saying that negative Fenn-Rourke moves can be deduced from positive and special negative ones. P r o o f o f l e mma 1 . 2 . Let L = (L 1 ; : : :; L m ) be a framed link in S 3 , we have to show that hL 1 (x 1 ); : : :; L m (x m )i is zero if x 1 is in N 1 . The proof is in three steps.
If L 1 = U 1 , the de nition of N 1 gives the result. Then using the properties of ! it is shown that N 1 is xed by the automorphism t of S(D 2 S 1 ) induced by a right handed twist. This gives the result if L 1 is the unknot with any framing.
In the general case, the component L 1 can be unknotted by changing some crossings. Inserting an ! around each changed crossing reduces the problem to the preceding case. E x amp l e 1. K au f f man b r a c k e t s k e i n t h e o r y . Given an invertible element A in a ring k (equipped with an involution sending A to A ?1 ), the skein module K(M) is the free k-module generated by isotopy classes of banded links (embedded copies of S 1 0; 1]), quotiented by the usual Kau man relations ( Ka] ). The equation (K) has been discussed in BHMV1]. The result is that A must be a root of unity whose order is an even integer 2p. For each p there is, up to changing the ring and normalizing, a unique invariant p . In the notation coming from Chern-Simons gauge theory, p corresponds to the SU(2)-invariant for even p and to the SO(3)-invariant for odd p. E x amp l e 2 . S k e i n t h e o r y a s s o c i at e d w it h l in k in g . Let q be an invertible element in k (equipped with an involution sending q to q ?1 ). De ne the skein module L(M) to be the free k-module generated by isotopy classes of framed links, quotiented by the local relations
Here L + , L ? et L 0 are the same except in a ball D 2 0; 1] where their projection on the disc D 2 f0g have respectively, a positive crossing, a negative crossing and no crossing; U 0 is an unknot with the framing given by the disc it bounds. The algebra L(D 2 S 1 ) is isomorphic to k y; y ?1 ]. The condition (K) has a solution only if q is a root of unity whose order is either an odd integer N, or is 2N with N even. In each case, if N is invertible in k, an invariant is produced, which is equal to the Z N -invariant derived from linking matrices in MOO] . E x amp l e 3 . H O M F L Y t h e or y . Quantum SU(n)-invariants of 3-manifolds have been obtained by Turaev and Wenzl ( TW] ) and studied by Kohno and Takata ( KT]). Recently, following a combinatorial approach of Morton ( Mo] ), Yokota ( Yo] ) gave a construction of this invariants based on HOMFLY skein theory. The case n = 3 was already given by Ohtsuki and Yamada ( OY] ). The construction of Yokota enters easily in our description.
The SU(n) specialized HOMFLY skein module of a 3-manifold M is de ned to be the free module generated by framed links in M, quotiented by the relations aL + ? a ?1 L ? = (a n ? a ?n )L 0 L q U 0 = a n 2 ? a ?n 2 a n ? a ?n L L +f = a f(n 2 ?1) L In the rst two relations, notations are standards; in the third one L +f is obtained from L by adding the integer f to the framing. Here a is an invertible element in k (equipped with an involution sending a to a ?1 ).
If
Cohomological re nements.
The homology of the surgered manifold M = S 3 (L) can be described using a MayerVietoris argument. We want to give a precise statement for the group H 1 (M; Z=n). The condition in the hypothesis above can be reduced to a unique equation if the grading satis es the condition (WG) below (we will say that the algebra S is well graded).
(WG) For all there exists y 2 S such that S = y S 0 and hU 0 (y )i is invertible. Lemma 2.2. If the grading of S satis es (WG), and ! 0 2 S 0 satis es 8x 0 2 S 0 hH 1 (x 0 ; ! 0 )i = hU 0 (x 0 )ihU 1 (! 0 )i and hU 1 (! 0 )i is invertible then the hypothesis of Proposition 2.1 is satis ed.
P r o o f. Take ! = hU 0 (y )i ?1 y ! 0 .
In the interesting known examples, the cohomological invariant, constructed with a given bracket, appears as a re nement of the one without structure in the following precise sense: the latter decomposes as a sum, over all cohomological classes, of the re ned ones. The following theorem gives a su cient condition for existence of a cohomological invariant satisfying such a decomposition property. The decomposition formula is a consequence of the lemma below, which can be shown as for lemma 1.2. Bl1] . Note that, although K ' k z], the degree does not give a usable Z=n-grading on the skein algebra K, for n > 2. This is because the Kau man skein relation in the solid torus is not homogeneous with respect to this degree. E x amp l e 2 . S k e i n t h e o r y L as s o c ia t e d w i t h li n k i n g . Using Gauss sum computations, we can show that if N = 2 2l+1 , the invariant Z N of section 1, example 2, admits a Z=2 l cohomological re nement. E x amp l e 3 . In Mu], H. Murakami gives cohomological re nements of the quantum SU(n)-invariants. This re nements as well as the corresponding decomposition formula can be obtained using HOMFLY skein theory.
3. Spin type structures.
In Mu], H. Murakami states also a decomposition formula in which cohomology classes are replaced by some spin type structures (see remark 2.7 in his paper). He observes that for n = 2 these are spin structures, and the corresponding re nements were studied in KM] and Bl1]. For n > 2, he only gives a combinatorial description of the structures, and asks for a topological interpretation. We are going to give a topological de nition for these structures. From the combinatorial description in the case of 3-manifolds we will then obtain a version of the results of the previous section for 3-manifolds equipped with these spin type structures. More about these structures will be found in Bl2].
Suppose n is an even integer. Then there exists, up to homotopy, a unique non trivial map g : BSO ! K(Z=n; 2). De ne the bration n : BSpin(Z=n) ! BSO to be the pull-back, using g, of the path bration over K(Z=n; 2). For n = 2 this construction is well known, and BSpin(Z=2) = BSpin is a classifying space for the universal covering Spin of the group SO. The space BSpin(Z=n) is a classifying space for the non trivial central extension of the Lie group SO by Z=n. This extension will be denoted by Spin(Z=n) in Bl2] whence the notation BSpin(Z=n). Remark that Spin(Z=n) is a sub-group of Spin c . Now we can use the bration n to de ne structures (see St] ). Let Spin(Z=n) = n ( SO ) be the pull-back of the canonical vector bundle over BSO.
Definition. A Z=n spin type structure (or Spin(Z=n)-structure, or spin structure with mod n coe cients) on a manifold M is an homotopy class of ber maps from the stable tangent bundle M to Spin(Z=n) .
If non empty the set of these structures, denoted Spin(M; Z=n), is a nely isomorphic to H 1 (M; Z=n), by obstruction theory. Moreover the obstruction for existence is a class w 2 (M; Z=n) 2 H 2 (M; Z=n), which is the image of the Stiefel-Whitney class w 2 (M) by the homomorphism induced by the inclusion of coe cients Z=2 , ! Z=n. Hence w 2 (W L ; Z=n) 2 H 2 (W L ; Z=n) is determined by 8x < w 2 (W L ; Z=n); x] n >= (x:x) = n 2 x:x (mod n) Now by functoriality, the relative obstruction lives in the inverse image of the absolute one under the map induced by inclusion H 2 (W L ; M; Z=n) ! H 2 (W L ; Z=n). Using the a ne structure over H 1 (M; Z=n), we obtain an a ne bijection between Spin(M; Z=n) and this inverse image. Whence the lemma by writing the equation above using coordinates.
As E x amp l e 1 . The invariant coming from the Kau man bracket skein theory admits a spin re nement (with a decomposition theorem), if A is a root of unity whose order is congruent to 0 modulo 16 ( Bl1] ). E x amp l e 2 . If N = 2 2l , the invariant Z N of the skein theory L associated with linking admits a Z=2 l spin re nement. E x amp l e 3 . For n even the SU(n) specialized HOMFLY theory admits Z=n spin type re nements ( Mu] 
Towards TQFTs.
A universal method for extending an invariant of closed 3-manifolds to a whole Topological Quantum Field Theory is described in BHMV3] (see At] , Tu2] or BHMV3] for axioms of TQFT). Roughly speaking we could say that the problem is to have a pasting formula to compute the invariant out of pieces. If a manifold is cut by a separating surface , each piece gives a vector in a module associated to the surface, and the invariant is obtained using a hermitian form on this module. Such a formula is clear if one proceeds as follows. Take the free module generated by the manifolds with boundary this surface, and divide by the kernel of the natural pairing de ned using the invariant of closed manifolds. This has to be computable; precisely we want each module to have nite rank. The problem is reduced a lot if some natural surgery axioms are satis ed. First one needs an extension of the invariant to closed manifolds with (colored) links. (In our language a colored link is a skein element obtained by cabling some framed link.) Second, in most cases, the required index 2 surgery formula, is obtained only after resolving what is called the framing anomaly; this can be done by using p 1 -structures. In BHMV3], following the lines above, TQFT's are constructed from the Kau man bracket. It is shown that the modules associated to surfaces (with p 1 -structure) are free, of nite ranks given by the Verlinde formula.
How does this extend to the re ned invariants? In joint work with Gregor Masbaum ( BM]) this question is solved for the spin invariants derived from the Kau man bracket. A niteness theorem and dimension formulae are given, and it is shown that the multiplicativity axiom holds in a Z=2-graded sense. The relation between the spin theories and the unspun ones is described by a transfer map. This map identi es the`unspun' module of a surface with the invariant part, under a natural e H 0 ( ; Z=2)-action, of the modules obtained in the spin theory (more precisely, the zero-graded part of the spin theory). As already noted, understanding other re ned theories is our challenge!
